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Abstract

This article computes the number of fuzzy subgroups of symmetric
group Sy and constructs some of them. First, an equivalence relation
on the set of all fuzzy subgroups of a group (7 is defined. The diagram
of subgroups lattice of S, is used to determine the mumber of fuzzy
subgroups of ;. We find the total number of fuzzy subgroups of Sy is

220.
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1 Introduction B
5
After the first paper by Zadeh in 635 [3], several aspects of fuzzy subset were
studied in the first fifteen years. The study of fuzzy algebraic structures was
started with introduction of the concept of fuzzy subgroups by Rosenfeld
in 1971 [1]. Without any equivalence relation on fuzzy subgroups of group
the number of fuzzy subgroups is infinite, even for the trivial group {¢}.
Some authors have used the equivalence relation of fuzzy sets to stud@lhe
equivalence of fuzzy subgroups ([2], [4], [3], [9], [10], [11]). All offf§em have
treated the particular case of finite abelian group. It is interesting to count the
number of fuzzy subgroups cﬂu:-nal:-(-:lian groups and construct them. Laszlo
in [2] has studied about the construction of fuzzy subgroup of group of order
one to six. In the first 1)&1-1 of this topic, Sulaiman and Abd Ghafur [6]
have counted the number of fuzzy subgroups of nonabelian symietric grons
Ss, S5 and alternating group Ay. In the other paper, they [?] have counted the
number of fuzzy subgroups of group defined by a presentation.
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In [8] we have constructed the diagram of suhgmups@ttim of symmetric
group S,;. That result is very important for this paper, in order to count the
mumber of fuzzy subgroup of S;.

2 Preliminary Notes

Definition 2.1 Let G be a group. A function p from G into [0,1] is called a
fuzzy subgroup of G if p(xy) = min{u(x), u(y)}, Vo, y € G and u(x ') = p(z),
Vz eG. @

1

Theorem 2.2 Sulaiman and Abd Gahfur [6]. Function p:G — [0,1] is a
fuzzy subgroup of G if there is a chain P, < P» < ... < P, = G in subgroups
lattice of G such that p can be written as
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Without any equivalence relations on fuzzy subgroups of a group G, the num-
Gf fuzzy subgroups is infinite evemlr the trivial group {¢}. So we define
equivalence relation on the set of all fuzzy subgroups of a given group. Using
this equivalent, we have constructed all of the fuzzy subgroups of symmetric
groups S;. .
1
Definition 2.3 Lef p, v be fuzzy subgroups of G of the form

#, e P &, e M

fy, € PR\ P da, weE Ma\ M,
wz)=1 @) =1 "

#,, ze P\ P, O, o€ My \ M,

Then we say that g and + are equivalent and write g ~ «, if (1)m = n and

R =."l.",,V.‘E {112,...1’”!.}.
It is easily checked that this relation is indeed an equivalence relation. Two
fuzzy subgroups of G are said to be different if they are not equivalent.

Example 2.4 Consider the group G = Z15. Let pu, v, v, 3 be functions from
Zy3 into [0,1] such that -
17

z€{0,1,2,3,4,5}
x € {6,7,8,9,10,11}
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z € {0,4,8}

1, % z € {0,4, 8}
alr) =4 3 z€ {2610} , Blz) =4 5. r€{2610}
%, z€{1,3,57,911} 0, z€{1,3,5,7,9,11}

Note that H(.u)(l 2,4,6,8,10}, Po(p1) = Zyo. Thus Py(p), Po(p1) are both
subgroups of Zia. By TheoremBlR. it is a fuzzy subgroup of Z,». Similarly,
we can show that o and 3 bothﬁmy subgroups of Z1,. Note that Py(y) is
not a subgroup of Zya. Hence 7 is not a fuzzy subgroup of Z,s. Since |u| # |a|
and |p| # |3],by Definition 2.3 we have jo is not equivalent with o and p

are not equivalent with 3. Note that |o| = |3| and it is easy to show that
Pilg) = Pi(3),¥i e {1,2,3}. Thusa ~ (.

Lemma 2.5 The number of fuzzy subgroups of G is equal to the number of
chain on the subgroups lattice of G.
Proof: Using Theorem 2.2 and Definition 2.5.

3 Constructing fuzzy subgroups of S

Let Sy = {i = id, 0y, 09, ..., G, Ty, Ta, ...y Ty O, O, ..., g } With oy = (1234),09 =
(13)(24), 03 = (1432), 04 = (1243),05 = (14)(23), 06 = (1342), o7 = (1324),
og = (12)(34), a9 = (1432), = (234),m = (243), v = (134), 7y = (143),
75 = (124), 7 = (142), 5 = (123), /s = (132), a; = (12),001 = (12),000 = (13),
as = (14), oy = (23), a5 = (24), ag = (34).

We have got thirty subgroups of Sy ( see in [8]) those are, K; = {i}, K3 =
{'n!l,(fg}, 1{3 = {l, l'.f_r,}, .lr‘;',| = {'E.,(Tg}', .K-r, = {'El,ﬂ'l }, f{{, = {'EI,Q-;}, .lr{}' = {i,ﬂ';g},
Ky = {.‘, ﬂ',i}, Ky = {'ﬂf,ﬂ'r,}, Ky = {i,f‘l‘ﬁ],L“ ES {;‘--fTh'il'g]-1 Lis = {'F:,T;g,'i",;],
Lis = {i,7, %}, L = {i, 75, 7}, Mys = {i,01,02,03}, Mg = {i,04, 05,04},
Mz = {i,07,0s, 00}, Mg = {i,02,05,08}, Mig = {i,02, a2, 05},
ﬂ-‘.!rgg = {'LJ,-',.+('|';5,{‘E.|}+ ."1'1‘"2[ = {i+!'731{'\l'[,{'\l'ﬁ]1.'n\'r22 = {h T1, T, ¥y, (¥5, ("ﬁ}?.'ﬁ\lrza =
{L T;i,?7;,{?2,{1';1,(1'(5],:?\(24 = {i‘-,'T,-',?'T(_;?(‘t’hﬂ';g,{‘t’,-',}? F'hrgi', = {'é.TT1T3?(I'11{1'2,(1'4]1
Py = {i,01,09,03,05,05, a3, 05}, Pyr = {i,09,04,05,06,08, 03,04}, P =
{i, 09, 05, 07, 03, 79, 001, 0 }, alternating group A, and S, itself.

a The diagram of subgroups lattice of Sy is shown as fig.1. We will count
the number of the fuzzy subgroups of 5; by observing that diagram and using
Lemma 1. We can see that the maximal chain on that lattice cmmi:-:t five
subgroups of Sy. Therefore, the fuzzy subgroup p of S; has length 1,2.3.4 or
5. Let p be a fuzzy subgroup of S;. We will identify u according to Py(p).
Every subgroup of S; can be chosen to be Py(u).

fig.1
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Figure 1: Subgroup lattice of S5,.

If Pi() = 54, we only have one fuzzy subgroup of S, that is py(x) =
6,V € S;. If Pi() = A4, then the only option we have is Sy = Pa(pu).
Therefore we only have one fuzzy subgroup of Sy with Py(u) = Ay that is

iR HI? X E .4..1,
,Elg(l) o { 9-31 X e S,;\.":ld

Similarly, we have one fuzzy subgroup for P (pn) = Pag, Pi(p) = Por, Pi(p) =
Pag, Pl(.”} = N, P (ﬂ-} = Nz:sl-pl{ﬂ-) — -'VZI?PI{”} = Nys. If Pl(ﬂ-} = Ms,
then we have two chains, those are M5 < S; and M5 < Py < 5. Therefore,
we get two fuzzy subgroups of §; with P, = M,;, those are

3[. X e .-"l-lll'
9 . X E Jplrf &8 3 =
polx) = 5." g “U and puy3(x) = § 6, X € Pos\M5
2, X =g -'i\‘ 15 93? X € S.:I.\PJG

Similarly, we have two fuzzy subgroups for Pyp = Mg, Py = M7, Py =
Mg, Pipp = Moy, Py = My, If P = Mg, then we have five chains, those
are Mz < Pog < S.|, Mg < Por < S.h."i‘.'!rlg < Py < S.l and Mg < A.q, < S.;.
Therefore, we get five fuzzy subgroups of Sy with P, = M5, those are
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B, x € Mg

&, eM
paa(z) = { Hl i €S 1\3M , Ha3(x) = 4 b2, X € Py\Mis
= ki O3, x € S;\Pag

Hla X E _'i'l'f]_g 'Bll'.- X € _n.".,m
poa(x) = § 02, x € P\ Mg , pos(x) = § 62, x € Ps\Myg and
Oy, x € Si\Por 05, x € S;\Py
#, x € M

.“‘2'5{'?:} - 921 X e A‘l\.ﬂ".’“;
b3, x € Si\Ay

It Py(p) = Ly, then we have three chains, those are L, < 8, L), <
Ay < Sy and Ly < Ny < 55 Therefore, we get three fuzzy subgroups
nf Sy with Pi(p) = Ly and we have the same number for Pi(p) = Ly,

Pi(pt) = Lya, Py (pt) = Lyy. By similar method, we have
(1) Twelve fuzzy subgroups of §; for Py()p = Ky, Pi()p = K3 and P, = K.
( ) Six fuzzy subgroups of Sy for Pi(u) = K;5, Pi(p) = Kg, Pi(p) = K,

Py(

ﬂ) — Jﬁx,t; Pl('U) — Jriq "I.llf] Pl(.“} — .rlm
(3) For Py(p) = {e} we have 109 suhgmups fuzzy. Thus, the total number of
fuzzy subgroups of S, is 1+ (81) + (62) + 5+ (43) + (312) + (66) + 109 = 220.
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